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Abstract 

We analyze the AdS^ x 7W7-type supersymmetric solutions, including nontrivial 
fluxes, of Killing spinor equations in heterotic supergravity. We classify these solutions 
using their G-structures and intrinsic torsions, for the cases that the number of seven- 
dimensional Killing spinors N are equal to 1, 2, 3 and 4. We find that the solutions 
cannot have a nontrivial warp factor and the seven- dimensional manifold A^7 is charac- 
terized by G'2(5't/(3))-structures for the = 1 (2) case and an S'f/(2)-structure for the 
= 3 and 4 cases. They are further classified using their nontrivial intrinsic torsions. 
It is shown, including the leading-order a'-corrections, that if we impose the Bianchi 
identities, the integrability conditions of the Killing spinor equations imply that all the 
field equations are satisfied. 
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§1. Introduction 



It is important to investigate the classical solutions of supergravity that preserve some 
supersymmetries. In particular, solutions including AdS-space are interesting from the view- 
point of the AdS/CFT correspondence. They provide us with a deeper understanding of 
the dynamics of both gauge theory and gravity. 

In particular, the AdSs/CFT2 correspondence in heterotic string theory has recently 
been studied, ^^"^^ in which it was conjectured to exist as a CFT dual of a geometry describ- 
ing a fundamental heterotic string. A mini- black-string solution^)' was considerd in the 
five-dimensional heterotic supergravity, obtained by T^-compactification, with i?^ correction 
terms. Without R'^ corrections, the solution has a zero horizon area and thus there is no 
room for the AdS-space to appear. However, once the corrections are included, the horizon is 
stretched^^ and its near-horizon geometry becomes the AdSs-space. Unfortunately, however, 
such a mini-black-string solution is yet unknown in the ten-dimensional heterotic supergrav- 
ity, which is required for more general compactifications. It is interesting, therefore, to study 
supersymmetric classical solutions in the form of AdS^ x A^7, admitting a warp factor in 
general, taking into account the R'^ corrections. 

In general, manifolds described by supersymmetric classical solutions with nontrivial 
fluxes are characterized by G-structure, which are generalizations of those with special holon- 
omy.^°) As is well known, if we set all the fluxes to zero, supersymmetric solutions yield some 
special holonomy manifolds. However, if the fluxes are switched on, they no longer have spe- 
cial holonomy but are characterized by G-structure. The main difference between the two 
characterizations is on the differential conditions on the characteristic forms. For exam- 
ple, let us consider a three fold with SU (3) holonomy, a Calabi-Yau (CY) manifold. The 
characteristic forms in the CY manifold are two closed forms, namely a Kahler form and a 
holomorphic three-form. If we relax the closedness conditions for these forms, the three-fold 
no longer has SU{3) holonomy but is characterized by more general 5'C/(3)-structure.*) The 
deviation away from the special-holonomy manifold is measured using the intrinsic torsion 
of the 5'C/(3)-structure. In summary, the geometry of the supersymmetric solutions with 
fluxes is characterized by G-structure, which is further classified by its intrinsic torsion. 

At the same time, we can show that all the equations of motion are automatically satisfied 
for the AdSs x Aly-type space-time, if we impose the Killing spinor equations and the Bianchi 
identities. This holds including i?^ corrections, or equivalently the leading a' correction. In 

For the 5?7(3)-structure manifold, these forms are called S'?7(3)-invariant forms. 
**•* Classification and analysis of the supersymmetric solutions for general compactification with non- 
trivial fluxes were studied in Refs. 11)-13) in heterotic string theory, type II string theory,^"')"^^) and M 
theory.i9)'22).23) 
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this regard, however, the Kilhng spinor equations are special in the sense that they do not 
have the leading a'-corrections.^"^-' In other words, the a'-corrections appear only through 
the Bianchi identities. 

In this paper, we classify the solutions of Killing spinor equations, in the form of AdS^ x 
Aij, for the cases that the number of seven-dimensional Killing spinors N are equal to 1, 2, 3, 
and 4 in ten-dimensional heterotic supergravity.*-* We found that the warp factor has to be 
constant, thus the space-time takes the form of the direct product of AdS^ and Air. The 
seven-dimensional manifold Aij admits G2 or S'f/(3)-structure for the case of = 1 or 
N = 2, respectively. For the = 3 and 4 cases, it is characterized by the 5'f/(2)-structure 
again. The intrinsic torsions, further classifying these G-structurc manifolds, are also given. 

The paper is organized as follows. To fix our conventions, we summarize the equations of 
motion, Bianchi identities, and the Killing spinor equations in the ten-dimensional heterotic 
supergravity with the leading-order a'-corrections in §2. In §5, we introduce a fermion 
representation of 5*0(7) spinors and simplify general spinors by choosing a special local 
Lorentz frame.^^-*'^'^-* The bilinear forms of the Killing spinors are introduced in §3. These 
forms are invariant under some group G (c 5*0(7)) and give O-invariant forms defining the 
G-structure. They satisfy the differential equations derived from the Killing spinor equations, 
which are computed in §4. They can be interpreted in terms of the intrinsic torsion and fall 
into a number of classes. In §6, we show that Killing spinor equations and Bianchi identities 
imply all the equations of motion with the leading-order a'-corrections. The final §7 is 
devoted to summarizing the results. In addition, two appendices are also given. In Appendix 
A, we summarize the conventions for a representation of the 5*0(7) gamma matrices used in 
the text. The decompositions of general fluxes into O-representations are given in Appendix 
B. 

§2. Heterotic supergravity on AdSs X AI7 

In this section, we present the equations of motion, Bianchi identities, and Killing spinor 
equations including the leading ct'-corrections to fix our conventions. After assuming some 
ansatz on metric and fluxes, we rewrite the Killing spinor equations on ^^5*3 x AI7. 

2.1. Equations of motion, Bianchi dentities and Killing spinor equations 

The equations of motion in heterotic supergravity,^^''"^^-* including a'-order corrections, 
are given by 

E(MN) = Rmn + SVmVat^ — -HmpqHn^'^ 
*^ For more general analysis without AdSs x M7 ansatz, see Refs. 25)-28). 
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-2a' (iy^FmpFn'') - tr(i?i^J,i?^)^)) = 0, (2-1) 
E = {V^Y - - -L.H^^pH^^^ (2-2) 

-J (tr(FM,vF^^) - tr(i?i^),i?(+)^^)) = 0, (2-3) 
E^MN] = Vp{e--"^H''MN) = 0, (2-4) 
£;M = P57^(e-^''F%) = 0. (2-5) 

In addition, the Bianchi identities for three-form flux H and gauge field strength F are given 

by 

dH = 2a' (tr(i?(+) A - tr(F A F)) , (2-6) 

and 

dF = 0, (2-7) 

respectively. 

The classical solution of these equations of motion is called super symmetric, if we further 
require the supersymmetry transformation of the fermion fields to vanish, which imposes the 
preseration of the supersymmetry on the solution. 

For heterotic supergravity, the conditions for preserving the supersymmetry are given by 

S^M = Vt^e = Vmc - ^HMNpr''''e = 0, (2-8) 
SX = VM^r^e + ^i/^^pr^^^e = 0, (2-9) 
Sx=-^FMNr''''e = Q, (2-10) 

where Wm, A, and x ^-^e gravitino, dilatino, and gaugino, respectively. ^^^'^^^ We call them 
Killing spinor equations because the first one (2-8) has the form of the conventional Killing 
spinor equation if we regard V^~^ as a covariant derivative with torsion. It should be noted 
that these Killing spinor equations are not modified up to a'^-order corrections. 

2.2. Ansatz for metric, fluxes, and spinor 

We assume that the ten-dimensional metric takes the form of 

ds^ = e-^^^y'^~g^,{x)dx^'dx- + gmn{y)dy'^dy\ (2-11) 

where /i,!/ = 0,1,2 and m,n = 1, • • • ,7. The metrics g^y{x) and gmniy) are those of AdS^ 
and M-j manifolds, respectively. The warp factor A{y) is assumed to depend only on the 
six-dimensional coordinates {y™}. 
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We also assume the forms of the three-form H and the gauge field F as 

H = ^/^M^e-'^^y')h{y)dx' A dx' A dx'' + A dy"' A dy^, (2-12) 

F=^FUy)dy"^Ady\ (2-13) 

which are consistent with the isometry of the AdSs X Air space-time. 

By definition, there is, at least, one Killing spinor rj when we consider supersymmetric 
classical solutions. A ten-dimensional Major ana- Weyl spinor 77 satisfying 

rjC^Cot-V, (2-14) 

r'^ri = ri, (2-15) 

can be decomposed as 

?7= Q ^eix)^e{y), (2-16) 

where 9{x) {e{y)) is a three- (seven-) dimensional spinor satisfying the Majorana conditions 

e* = 9, (2-17) 
e* = Cre. (2-18) 

The three-dimensional Killing spinor equation, 

Vi^)^ = |7M^, (2-19) 

is also assumed, where V*^^^ is the Levi-Civita connection of AdSs and a is a constant related 
to the three-dimensional cosmological constant as yl = — 2a^. 

2.3. Decomposition of the Killing spinor equations 

By using this ansatz, the Killing spinor equations can be written as 

VL-^e = 0, (2-20) 

a - ie-^(a„yl)7™ - ^e'^hj e = 0, (2-21) 

(^-2a^^7™ + ^i/^np7"^"^ -ihje = 0, (2-22) 

Fm„7'""e = 0. (2-23) 
The seven-dimensional covariant derivative*^ Vm ^ is defined by 

VL-^e = V„6 - ^i/^np7"^e, (2-24) 

= dme + ^o^mnp^^e - ^Hr^np^'e, (2-25) 



We omit the superscript (7) for simplicity. 
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where c<j„„ip = ^mhpG^€,^p is the spin connection and the three-form flux Hnmp is interpreted 

■'mnp 2 "f^P ' 



as a torsion. It is useful to define a nonminimal spin connection as Umlp = ujmnp — hH„ 



which allows that the covariant derivative Vm can be written in the conventional form as 

VL-^e = dme + \u;^-ir'e. (2-26) 

§3. Killing spinors and their bilinear forms 

In this section, we first introduce the fermion representation of seven-dimensional spinors, 
which is useful for solving Killing spinor equations explicitly. We simplify the forms of the 
Killing spinors, for the cases = 1, 2, 3, and 4, using the differential Killing spinor equation 
(2-20) and the degrees of freedom of the local Lorcntz transformation. Accordingly, the 
differential Killing spinor equation can be solved by setting some components, irreducible 
representations of G-structure, of the (nonminimal) spin connection equal to zero. Then, we 
consider the bilinear n-forms of the Killing spinors, 

where n — 1, 2, 3*^ and a,b — 1, ■ ■ • , A^, which characterize the G-structure of the manifold 
Air described by the solutions of the Killing spinor equations. 

3.1. Fermion representation of seven- dimensional spinors 

A fermion representation of seven-dimensional {SO{7)) spinor can be obtained using the 
following fermionic creation and annihilation operators satisfying {a*, a-'} = S^^: 

a'^l{^'^-'-i^% (3-2) 

a^=^(f-^ + ^7^0 = K)^ (3-3) 

where i — 1,2,3. The seven-dimensional gamma matrices can be represented using these 
operators as 

7^ = a^ + a\ 72 = i(a^-aT), (3-4) 
7^ = a2 + a^ 7^ = i(a2-a^), (3-5) 
7^ = a=^ + a^ 7^ = i(a^-a^), (3-6) 
7^ = (1 - 2aV)(l - 2aV)(l - 2aV). (3-7) 



*) The bilinear n-forms defined similarly for n > 4 are not independent but Hodge dual of those with 
n < 3. 
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Here, we take ^/''-direction as a special reference direction. The creation and annihilation 
operators {a\ a*) belong to (3, 3) representations of SU{3) C S0{6), where this 5*0(6) is the 
rotation group orthogonal to the y^-direction. 

In this representation, the charge conjugation matrix C7 (A- 14) becomes 

C7 = (a^ - a") {a^ - a^) {a^ - a^) . (3-8) 

We can represent an SO (7) spinor as a hnear combination of Fock states on the (nor- 
malized) Clifford vacuum |0) defined by 

a^|0) = 0, for i = l,2,3. (3-9) 

The most general SO{7) spinor, therefore, can be written as 

e = |0) M + |i) TV. + i \^J) + |123) Q, (3-10) 

where we denote \ij ■ ■ - k) = a^a^ ■ • ■a'^ |0). In this representation, the conjugate operations 
on the spinor are realized by 

= |0) M* + \i) (Nj)* + 1 {PjjY + |123) Q*, (3-11) 

et = M* (0| + (Nj)* {i\ + ^{PjjY + Q* (123| , (3-12) 

where {ij • • • A;| = (0| a*^ • • • a^a^. The Majorana condition (2-18), in this representation, is 
written as 

M* = -Q, (3-13) 

{NjT = l^^JkPrk■ (3-14) 

In general, the form of a spinor can be simplified by choosing a special local Lorentz 
frame, in which we can analyze the Killing spinor equations systematically.^^^ In this paper, 
we consider the cases that the numbers of independent Killing spinors are N — 1, 2, 3, and 
4. These four independent Majorana spinors can be expressed using the basis spinors 

ei = ^(|0) - |123)), (3-15) 

e2 = -^(|0) + |123)), (3-16) 

e3 = -^(|3) + |12)), (3-17) 

e4=^(|3)-|12)), (3-18) 

satisfying ejej = Sij. 
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3.2. The differential Killing spinor equation 

Let us first investigate the differential Killing spinor equation (2-20) for A'" = 1, 2, 3, and 

4. 

3.2.1. = 1 case 

For N — 1 case, we can take the KiUing spinor as 

e = aei, (3-19) 

where a — a{y) is a real function. Prom (2-20), however, 

= (VL-^6)te + 6tv(„-^e, (3-20) 
= a^(e^e), (3-21) 
= dm^^ (3-22) 

thus, the a must be a constant. Thus, we normalize e as e^e — 1. Then the first Killing 
equation (2-20) restricts the spin connection to 

= , (3-23) 

where the decomposition of spin connection is defined in Appendix B.l. In other words, only 
the {uiin component of the spin connection is allowed to be nonvanishing. We must also 
note that Eq. (3-23) holds only in this special local Lorentz frame, since the spin connection 
is transformed inhomogeneously under the local Lorentz transformation. 

3.2.2. A^ = 2 case 

For N = 2, two (Majorana) Killing spinors can be taken as ei and 

e = aei + (3e2, (3-24) 

where a = a{y) and (3 = (3{y) are real functions satisfying + = constant, from the 
similar argument with the A^ = 1 case. From (2-20), in this case, 

= V^-^e = idma)ei + (9„/3)e2 + f3Wl^^e2. (3-25) 

By multiplying (3-25) by e\, we can obtain dma = 0, thus both a and (3 must be constants, 
since 

= dUele2) = 6lv(„-)e2. (3-26) 

Therefore, we can choose the two KiUing spinors as ei and €2 without the loss of generahty. 
The first KiUing spinor equation (2-20) then yields 

(^i7^)n. = (^i7^)i?, (3-27) 
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where the decomposition is defined in Appendix B.2. That is, only the {coL component 
is allowed to be nonvanishing. It must again be noted that Eq. (3-27) only hold in this 
special local Lorentz frame. 

3.2.3. N = 3 and 4 cases 

Similarly, for = 3 and 4 cases, the third and fourth Killing spinors can be taken to 
be Ei {i = 1,2,3) and e, {i — 1,2,3,4) respectively. For both cases, the first Killing spinor 
equation (2-20) gives the same conditions, in this special local Lorentz frame, as 

= (3-28) 
where the decomposition of the spin connection is defined in Appendix B.3. 

3.3. Bilinear forms of the Killing spinors 

Using the Killing spinors, we can construct bilinear forms characterizing the G-structure. 
At the end of this section, we consider them for A^ = 1, 2, 3, and 4 cases, respectively. 

3.3.1. A^ = 1 case 

For A^ = 1, only one nontrivial spinor bilinear a, 

a = -^ehrnnpeie^''^ (3-29) 

^ _g246 ^ g235 ^ gi45 ^ ^isg _ ^127 _ ^347 _ ^567^ 

can be obtained as the bihnear of the KiUing spinor, where e"*"^ = e"* A e" A denotes 
the wedge product of vierbein one-forms of This three-form and its Hodge dual (cr, *a) 
define a G'2-structure on Mr-^^^'^"^^ 

3.3.2. A^ = 2 case 

For N = 2 case, one can obtain a one-form, 

K = (^e\-f^e2 - e^7^ei^ e"" 

= (3-31) 

a two-form, 

= \ (ei7mne2 - eljninei^ e"*" 

= e^2 + g34^g56^ (3.32) 



and three three-forms. 



^1 g^i /mnp^ic- ) 
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^ _gl27 _ g347 _ g567 ^ ^235 ^ ^145 ^ ^136 _ ^246^ ^3.33) 

(^2 = -g47mnpe2e"*"'^, 

^ _gl27 _ g347 _ g567 _ ^235 _ ^145 _ ^136 ^ ^246^ (3.34) 

C3 = i^^l7"inpe2 + e27mnpei j 6 , 

^_gi35^gi46^g236 ^g245^ (3.35) 

as the bilinear of the two Kilhng spinors. 

Using the differential Killing spinor equation (2-20), one can show that K = Kmdy"^ 
satisfies the Killing equation 

^ruKn + ^uKm^O. (3-36) 

Then, by choosing the coordinate along the direction of the Killing vector, the metric can 
be written in the form 

dsl,^ = Qrnndy'^dy'^ + W + w)\ (3-37) 

where Qrhh and w — Wmdy'^ {m,n — 1, • • • ,6), both of which are independent of y^, are 
the metric of the six-dimensional submanifold A4q and a one-form on it. The three-forms 
(3-33)-(3-35) can be written using K, J, and the three-form 

f2^{e^ + ie^) A (e^ + ie^) A (e^ + ie^) , (3-38) 

as 

(Ti = -J Air + Imi7, (3-39) 

(72 = -J AK -Imi?, (3-40) 

(73 = -Re 12. (3-41) 

The independent forms (iiT, J, Q) define the 5't/(3)-structure on TWy.^^)'"^") 
3.3.3. N — 3 and 4 cases 

For N — 3 case, nonvanishing bilinears of three Killing spinors are three one-forms, 

^1 = (47^62 - ehmei) e"^ = e^ (3-42) 



^2 = 2 (,4^-^3 - 6hme2j = e^ (3-43) 
^3='- (ehmei - elT^ea) = e^ (3-44) 



10 



three two-forms, 

^1 = 1 (el7mne2 - e27mnei) e"^", (3-45) 

J2 = -\ (ehmnes - ehmne2) e*^", (3-46) 

J^ = \ (ehmnei - ehmnes) e'^", (3-47) 



and six three-forms, 



<7i = -^(elTrhnpeOe'^"^ (3-48) 



<^2 = -^(47n.npe2)e™"^ (3-49) 
<73 = -TTT^ (el7mnpe2 + CsTmnpei) e*^^^, (3-50) 



i 1 

312 

i 



^4 = -^(47n.npe3)e'^"^ (3-51) 



(75 = --^^ (e^TmnpCs + Alrhfip^-l) 6™"^, (3-52) 

0-6 = (^ebmnpCi el7^Ape3) e™"*^. (3-53) 



Similarly to the N — 2 case, one can obtain three Killing vectors from the one-forms 
(3-42)-(3-44): 

WmiKl)n + ^niKl)m^O. (/ = 1, 2, 3) (3-54) 

By choosing the {y^,y^,y'^) coordinates along the directions of these three Killing vectors 
{K2, K3, Ki), the metric can be written as*^ 

dsli, = Qmndy'^dy'' + (d/ + W2f + {dy"" + w^f + {dy' + w^f, (3-55) 

where g^^ji, (m, n = 1, • • • ,4) and = {wi)rhdy^, all of which are independent of y^, y^, and 
y^, are the metric of four-dimensional submanifold A^4 and one-forms on it. The two-forms 
(3-45)-(3-47) and the three-forms (3-48)-(3-53) can be rewritten as 

Ji = J + K2A K3, (3-56) 

J2^1mf2 + K3AK1, (3-57) 

J3 = Re/2-Xi (3-58) 

ai^ -J AKi+Imf] AK2 + Ren AK2- K1AK2A K3, (3-59) 

a2^-J AKi-ImnAK2-RenAK2-KiAK2A Ks, (3-60) 



*) See also Ref. 12). 
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by means of 



(73 = -Re Q AK2 + lmn AK3, 

J AKi-lmn AK2 + ReQ AK2- K1AK2AK3, 
0-5 = - J A + Re 12 A i^i, 
(76 = -Im Q AKi — J A K2, 



n^{e^ + ie^)A{e^ + ie^). 
The independent forms {Kj, J, i7) define an 5'C/(2)-structure on M.t. 



For N — A case, additional three one-forms 



three two-forms 



and four three-forms 
(77 -- 



K4 



(4 



Ja 



, t 1 „rhh 



J-X2AK3, 



= -Im Q + K^AKi 



e27mne4 - e47mne2 I e , 



(78 = - 



Re/2 + Xi Aii:2, 



21 ^^Alrhhp^i)^ 

J A + Im/2 A X2 - A X3 - i^i A A X3, 

^2 ^47mnp^4 + 477finp^3^ ^ " 

Re/? Air2 + Inir2AX3, 



i 1 



0"9 



4. 



"3! 2 (^^^^'""'P^^ ^i7mnpQj 6 ^, 

-JAfCs + Rei? AXi, 
ImQ AKi- J AK2, 
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constructed from the fourth Kilhng spinor 64, do not yield any new independent forms. Thus 
M.7 is again characterized by the 5'?7(2)-structure given by {Kj, J, il). 

§4. Solutions of Killing spinor equations 

In this section, we solve the remaining algebraic Kilhng spinor equations (2-21)-(2-23) 
for the cases in which there are N — 1, 2, 3, and 4 Killing spinors. We must be careful, 
however, that the conditions on the spin connections hold only in this special local Lorentz 
frame. 

4.1. Solutions of algebraic equations 

Let us begin with solving the first algebraic equation (2-21). We show that the warp 
factor A must be constant, independent of the number of Killing spinors. 
For = 1, Eq. (2-21) must hold on ei; 

((2a - e-^h) - 2ie-^{dmA)^'^) ei = 0. (4-1) 

By multiplying e| or e\jn, we obtain 

2a - e-^h = 0, (4-2) 

dmA = 0. (4-3) 

The warp factor A, therefore, must be constant. We can set A = by rcscaling the three 
dimensional metric, which is equivalent to rescaling a into ae^^. We finally obtain 

h = 2a, (4-4) 
A = 0. (4-5) 

Then the Killing spinor equation (2-21) identically holds. No additionalcondition is required 
ior N >2 cases. 

The remaining algebraic equations (2-22) and (2-23) can be solved using the fermion 
representation introduced above. Here, we explicitly show how to solve them by using an 
example for (2-23).*) Then the solutions for all the Kilhng spinor equations are summarized 
for the cases oi N — 1,2,3 and 4, respectively. 

For ei (3-15), Eq. (2-22) is rewritten as 

Fmn7"^"ei = -^F^nT^'^dO) - |123)) = 0. (4-6) 
*^ See Refs. 29) and 30) for details of this technique. 
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Using fermion representation introduced in §3.1, we can compute 

\Franr^ |0) = F,/^ |0) + + V^Fj, |i) , (4-7) 

\Frr.nr- |123) = -e^F,-, |z) - |123) - ^e^F.r , (4-8) 

where components and Fjj are defined in Appendix B. We obtain 



F,j5^?|0) + x/2(F,, + i=6^F,,) |z) 



+ (F^ + ^ejj-,F,,) + F,j5^^ |123) = 0. (4-9) 



Since each Fock state is independent, this is equivalent to 

Ff/' = 0, (4-10) 
Fi^ + ^^Tf^F^k^^. (4-11) 

The other equations can be solved in a similar manner, using irreducible decompositions 
by G-structure given in Appendix B. 

4.2. Solutions of the Killing spinor equations 

We summarize the solutions of all the Killing spinor equations as follows in the cases of 
N ^ 1,2, 3 and 4. 

4.2.1. For AT = 1 

For the A^ = 1 case, M.^ has a G'2-structure, defined by (cr, *(t), which decomposes all 
the fluxes into its irreducible representations as explained in Appendix B.l. The solution of 
all the Killing spinor equations can be simply written as 

A = 0, (4-12) 

d'^^-2H^^\ (4-13) 

H ^'^aa + H^'^^j*a + H^'^^\ (4-14) 

F = F^^^\ (4-15) 

(^L-^)n. = • (4-16) 

The components H^'^\ H^'^'^\ F^^^\ {'^m '')ni^\ and a are not restricted. Again, we would 
like to stress that the spin connection u;^~^ is not tensor and the condition (4-16) holds only 
in this frame. 
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4.2.2. For = 2 

For the N = 2 case, Aij has an 5'[/(3)-structure defined by {K, J, Q). The solutions of 
all the Killing spinor equations are given by 



^ = 0, (4-17) 

d^^-i{H^^^ - H^^), (4-18) 

H = -{d^jJ) A J + + H^'^ + (y-\aJ + A K, (4-19) 

F = F^^\ (4-20) 

i^^JU - {u^L^t! . (4-21) 



The components H^^\ H^^\ H^^\ F^^\ ( <^m Irf; , and a are not restricted. 
4.2.3. For AT = 3 

For the N — 3 case, we have an 5'C/(2)-structure on M.7 defined by {Ki,J,Q). The 
solutions of all the Killing spinor equations are 

^ = 0, (4-22) 

d^='-{H!S-HS)+'-{H^^^-H^% (4-23) 

H = + ^(2)) /\ J 

+{HpJ + i/f AK^ + {H^l^J2 + i^Pl? + A 



+\{Hf] + Hfj)AK^ AK-' 

-2{a + Hi^'^)K^ AK^ AK\ (4-24) 

F = F^^\ (4-25) 

= (^L-^)S\ (4-26) 

with additional conditions 

^i?+^^3?=0, (4-27) 

H^f + l{H§+iHi)^n^O, (4-28) 

-i/®) = 0, (4-29) 

i^^^^ + iH^^^ = 0, (4-30) 



where /, J e {1, 2, 3} and L e {2, 3}. 
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4.2.4. For = 4 

For the = 4 case, there is no additional independent bihnear form to the = 3 case. 
The geometry of Aij admits again the S'f/(2)-structure. However, the solutions of all the 
Killing spinor equations are more restrictive as 

A^O, (4-31) 



-//®), (4-32) 

H = -2rf^j J A J + i/f ^ AK^ - 2aK^ A A K^, (4-33) 

F = F^^\ (4-34) 

i^^JU = (4-35) 

with no restrictions to H^'^\ Hf \ F^^\ (u;^^)^? and a. 

It should be noted that there is no extra condition on the gauge field F in addition to 
the N — 3 case. 

§5. G-structure and its torsion 

When there are no fluxes, H = and F = 0, all the bilinear forms obtained in §3.3 are 
closed. Then they define a familiar geometric structure on the special holonomy manifolds. 
For example, the closed two-form J with dJ = defines the complex structure and becomes a 
Kahler form.*) If there are nontrivial fluxes, however, the bilinear forms are no longer closed, 
but the deviation from the closed forms is characterized as the torsion of the G-structure. 
In this section, we compute these torsions from the fluxes H and F using the Killing spinor 
equations. The G-structure is further classified in the class of torsion. 

5.1. Torsion class of the G 2- structure for N — 1 

In the N — 1 case, there is a G2-structure^^)'^^) defined by {a,*a). For general G2- 
structure manifolds, these forms (cr, *a) are not closed but classified by four torsion classes 
(to,ti,T2,T3) as 

da = tq * (7 + 3ti a a + *T3, (5-1) 
d * a = Ati A *a + T2 A a. (5-2) 

On the other hand, using the Killing spinor equations, we can show that the bilinear 
forms (cr, *a) satisfy 

da = -6H^^^ *a + SH^^'^ Aa + *H^^^^ , (5-3) 
d*a^ 4//(^) A *a. (5-4) 
Here we assume a hermitian metric. 
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Thus, the G'2-structure manifolds obtained by supersymmetric solutions have the nontrivial 
torsion classes due to the three-form flux H as*-* 



To = = -^-h, 



T2 = 0, 



(5-5) 

(5-6) 
(5-7) 
(5-8) 



5.2. Torsion class of SU (3) -structure for N = 2 

In the N = 2 case, AI7 admits S'[/(3)-structure^^' characterized by the forms {K, J, 
For general SU (3)-structure manifolds, these forms {K, J, f2) are not closed but characterized 
by thirteen torsion classes as 



dK = ViJ + ViM + V2^n + + A ir, 
3 



dJ = {WiQ - WiQ) + W3 + ^ A W4 



+K ^ 



= Wi J A J + J A W2 + A W5 

+X A - 4 J A Fe + Fg] ■ 

We can show that the bilinear forms (iiT, J, i?) of the Killing spinors satisfy 

dK = ^« J + ^(3) jTi + ^® j/2 + 

dJ = -3i (^H^^m - H^^^Q) - I - i/®) 

- J A i (^i/^^) - ii"®^ - 2ii^ A [e^^M - H^^^jn^ , 
= AH^^^J A J - 2i/2 A //® + X A (siH^^^Q -SiJA H^^^^ . 

By substituting the solution of Killing spinor equations, the torsion class of the 
structure is given by 

^1 = H^'^ - -Ih, 

^4 = 0, 



(5-9) 

(5-10) 
(5-11) 

(5-12) 

(5-13) 
(5-14) 

SU{3)- 

(5-15) 

(5-16) 
(5-17) 
(5-18) 



*^ Similar considerations were also given in Refs. 38) and 39). 
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^5 = 3i#(^) = -ih, (5-19) 

Ve = 2i^(3) _ (5.20) 

V7 = 0, (5-21) 

^8 = 0, (5-22) 



and 



Wi = -AH^^^ = 0, (5-23) 
W2 = 0, (5-24) 
Ws = -i - i/®) , (5-25) 

W4 = -i (^H^^^ - ii"®) = i {Jjd$) , (5-26) 
W5 = -2i//® = 2 {V^+^jd^) . (5-27) 

5.3. Torsion class of SU {2)-structure for N — 3 

In N — 3 case, M.7 admits 5'C/(2)-structure, defined by the forms {K^ , J, f2). For general 
SU (2)-structure manifolds, these forms {K, J, Q) are characterized by seventy-five torsion 
classes. They consist of thirty singlets, thirty doublets, and fifteen triplets of SU{2), whose 
explicit forms are not given here. On the other hand, the exterior derivative of bilinear forms 
{K, J, Q) can be computed using the Killing spinor equations as 

dK^ = Hf'\j + Hf^n + Hf^n + 

- [Hf] + Hf^') AK' + ^sukH^'^K' a i^^, (5-28) 
-2i (Hf^Q - Hf^jf) AK'-'- (Hf] - H^j^ A A , (5-29) 

df2 = i//® /y f2 

+ (AiHi^^J + 2iHf^Q^ ^ + ^ (Hf]jQ^ A A K'' , (5-30) 
which reduce further by substituting the solutions. 

5.4. Torsion class of SU {2) -structure for N = 4 

In = 4 case, Aij admits the same S'[/(2)-structure as in the = 3 case. The Killing 
spinor equations, however, impose further constraints on the flux H. Thus, the intrinsic 
torsion becomes simpler as 

dK' = Hf + \eijKH^^^K' A X^, (5-31) 
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(5-32) 
(5-33) 



Thus far, we concentrate on analyzing the Kilhng spinor equations but do not take into 
account the equations of motion and the Bianchi identities. In the next section, we show 
that it is sufficient to impose the Bianchi identities, which imply the equations of motion 
automatically. 

§6. Integrability conditions and equations of motion 

Here, we show that the Killing spinor equations and Bianchi identities imply that all 
the equations of motion, including the leading a' correction, are automatically satisfied.*^ 
This is well known in the case of a = and = 0.^^) In the case of i? 7^ 0, however, the 
solutions of Killing spinor equations and Bianchi identities is not always satisfy the Einstein 
equations. ^^^"^^^ In this paper, we neglect the a'^ order terms and show that the Einstein 
equations are satisfied in this approximation. 

In our ansatz for the metric and fluxes, the equations of motion reduce to 

-2a' (tr(F^,F/) - tr(i?Wi?WP)) = 0, (6-1) 
-J (tr(F_F"-) - tr(i?Wi?(+)-")) = 0, (6-2) 

E[mn] = Vpie'^^'H^mn) = 0, (6-3) 

E^^Vi-^e-'^F^J^O. (6-4) 

The Bianchi identities, including the leading a'-correction, on the other hand, become 

B„ = 4V[™i/„p,] - 12a' (tr(i?[+^4+^) - tr(F[^„Fp,i)) = 0, (6-5) 
Bmnp = 3V[otF„p] = 0. (6-6) 

Supersymmetric solutions, in general, must satisfy all these equations in addition to the 
Killing spinor equations. However, all these equations are not independent as can be seen 
below. 

More precisely, the discussion in this section holds in the leading a' approximation neglecting the a'^ 
order terms. 
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From the integrability conditions of the Kilhng spinor equations 

e = 0, 

\T)i-) F ^^^] e = 

L m ' ^ run I J t — u, 

e = 0, 



1 i 

V(-) V H ^"P^ + -/i 



+ -h 
4 • 3! ^ ' 2 



and identities 



(V„^ - ^^™np7™"" + ^/'O'e = 0, 



(6-7) 
(6-8) 
(6-9) 
(6-10) 



(6-11) 
(6-12) 
(6-13) 
(6-14) 



all of which are satisfied by the solutions of the Killing spinor equations, one can obtain 



1 



^e^'^Eml'^e + -5^„p7""^e = 0, 

J /?(+)p^R 'y"-'y'''^e = 

2Ee + ]e'^E[^^]^^^e + -l-5^„^,7™e 
4 io ■ o 

+ -R(^)p<iB,,rsl"'^Y'e = 0, 



(6-15) 



(6-16) 



(6-17) 



including the leading a' corrections. By imposing the Bianchi identities (6-5)-(6-6), these 
equations become 



Eml'^e = 0, 



2Ee + -e^'^E[„,j^--e = 0. 



(6-18) 
(6-19) 

(6-20) 



However, from a simple calculation, we can prove that they are equivalent to the equations 
of motion (6-l)-(6-4), 

E ^ E{jnn) = E^mn] = 0, (6-21) 

up to a'^ order. Therefore, the equations of motion are automatically satisfied if we impose 
the Bianchi identities in addition to the Killing spinor equations. 
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§7. Summary 



In this paper, we present the G-structure classification for the AdS^-type solutions of 
Killing spinor equations in heterotic supergravity. Their solutions automatically satisfy all 
the equations of motion, if we impose the Bianchi identities, which include the leading-order 
a' corrections. Here, it is important that there is no first-order a'-correction in the Killing 
spinor equations. 

By choosing a special local Lorentz frame, we first simplify the Killing spinor equations 
before solving them exphcitly.^^^ Then, we solve the Killing spinor equations and classify 
the solutions by G-structures in the cases that the numbers of Killing spinors in seven- 
dimensional manifolds AI7 are N — 1,2, 3, and 4. These G-structures are further classified 
by their torsions. The torsion classes for Mr described by the solutions of the KiUing spinor 
equations are computed. Finally, we also study the integr ability conditions of the Killing 
spinor equations and show that the Killing spinor equations and Bianchi identities imply all 
the equations of motion, which include the leading a'-corrections. Since we know that there 
is no leading-order a'-correction in the Killing spinor equations, the leading ct'-corrections 
of the supersymmetric solutions only come from the correction of the Bianchi identities.*^ 

For each case oi N — 1,2,3, and 4, the solutions of the KiUing spinor equations have the 
following properties. 

For N — 1, M.7 admits the G2-structure, defined by {a,*a). Among the general G2- 
structures classified by four torsion classes (tq, ti, T2, T3) as in §5.1, the G-structure obtained 
by the Killing spinor is the special one with T2 — 0. 

For N — 2, M.7 admits 5'C/(3)-structure, defined by {K, J, Q). We can obtain a Killing 
vector from K, which decomposes, at least locally, M.7 into the orbit R and its orthogonal 
six-dimensional submanifold M.q. The remaining (J, Q) can also be interpreted as the SU (3)- 
structure of the M.q. The general 5'C/(3)-structure is classified by thirteen torsion classes 
(Vi, • • • , V^) and (Wi, • • • , W5), where the latter five can be interpreted as the torsion classes 
of M.Q. On the other hand, the torsion classes of the 5'C/(3)-structure constructed from the 
KiUing spinors must he V2 — ¥4^ — — — — Q and Wi = W2 = 0. In particular, 
vanishing torsion classes Wi and W2 yield that a submanifold A^e is a complex manifold. 

For N — 3, M.7 is characterized by the 5'C/(2)-structure defined by {K^,J,Q). There 
are three KiUing vectors obtained from . They decompose M.7 into the orbit and an 
orthogonal four-dimensional submanifold M.^ with an S'C/(2)-structure {J,Q). The torsion 
class of the 5'C/(2)-structure obtained from the Killing spinors is given in §5.3. 

There is no additional independent Killing spinor bilinear form for = 4. The manifold 

*) See also Ref. 24) 
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Aij also has the same S'f/(2)-structure as in the = 3 case. However, the Kilhng spinor 
equations impose additional conditions on the three-form H. The torsion class of the SU (2)- 
structurc is much more restrictive than the case of = 3. 

To obtain the interesting supersymmetric classical solutions, we must further impose 
the Bianchi identities including the leading a'-corrections. We hope to discuss this issue 
elsewhere. 
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In this paper, we adopt a special representation for the ten-dimensional gamma matrices 



where {fi = 0,1,2) and 7™ (m = 1, • • • , 7) are three- and seven-dimensional gamma 
matrices, respectively, defined by 
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Appendix A 

Conventions for Gamma Matrices 



(M = 0, 1,-- - ,9) as 



r'^ = 7" ® 1, 



(A-l) 
(A-2) 



7° = ia^, 7 



= a 



1 




(A-3) 



and 



7^ = (T^ ® 1 (g) 1, 

72 ^ CT^ ® 1 ® 1, 

7^ = (7^ (g) C7^ (8) 1, 

7^ = (7^ (7^ (g) 1, 

7^ = (7^ (g) (T^ (g) (7\ 

76 = O-^ (g) (j3 (g) 0-2^ 



(A-4) 
(A-5) 
(A-6) 
(A-7) 
(A-8) 
(A-9) 
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7^ = -a-' ^a-'(g) cT'', (A-10) 
= —^7^7^ • • • 7^. 

Here, the hatted symbols denote the indices of local Lorentz space. In this convention, the 
ten-dimensional chirality operator is 

■pif — p^p^ . . . 

= a^^l®l. (A-11) 

The charge conjugation matrices of three and seven dimensions are given as 

Cio = 1 ® Cs (g) C7, (A- 12) 

6-3 = 7°= (A- 13) 

respectively. 

Appendix B 

Decompositions of Forms by G-Structures 



For the seven-dimensional manifolds described by the solutions of the Killing spinor 
equations, it is convenient to decompose the seven-dimensional local Lorentz vector to 
(A, ^1,^7), where 

A = ^ {A,f_, + iA^,) , (i = 1, 2, 3) (B-1) 
A, = (A)t. (B.2) 

One can easily extend it to general tensors. The two-form F^^^ is, for example, decomposed 
as {Fij, F,j, Fjj, Fa, F^), where F-^ = (F,,)t, F^ = (F.y)^ and F-^ = (F,j)t. Each component 
is defined similarly to (B-1) as 

^ii ^ 2 ('^(2i-l)(2i-l) + ^-^2i(2j-l) + ^ (-^(2i-l)2j + '^^Mj^^ ' (^'3) 
-^U = 2 (■^(2i-l){2/-l) + *-^2i(2/-l) ~ * (-^(2ill)2j + ^-^2'j2j)) ' (^"4) 

Fi7 = ^ (i^2Ait + ^^2^7) ■ (B-5) 
B.l. G2 structure 

The seven-dimensional manifold with a Killing spinor admits a G2 structure with a 
fundamental three- form a. The non-trivial fluxes can be decomposed into irreducible repre- 
sentations of G2, using (7 and it's Hodge dual w. 
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The two-form flux F, having twenty-one components, is decomposed into seven- and 
fourteen-dimensional representations of G2 as 



F = F(^)j(7 + F(^^), (B-6) 

where 

F(^) = (B-7) 

Similarly, the three-form flux H, having thirty-five components, is decomposed into sin- 
glet, seven- and twenty-seven-dimensional representations as 

H ^H^^^a + H^^^j*a + H^^^\ (B-8) 

where 

H^'^ ^ T^H^npa"'-^, (B-9) 

H('^ = -L.H^^^(^a)r''dy'^- (B-10) 

For the spin connection, {um ^)ni — (<^m ^)ni^n^i, it is convenient to use such a reducible 
decomposition, that is, only the antisymmetric group indices {n, I) are decomposed into the 
same form with the two-form: 

= + , (B-11) 

where 

i^^n^Y^' = (B-12) 

B.2. SU{3) structure 

The seven-dimensional manifold with two Killing spinors admits an SU{3) structure 
defined by {K, J, i7). The metric can be written as 

ds^ = Qmndy'^dy^ + W + '^f. (B-13) 

where Qmn is a metric of six-dimensional submanifold M.q satisfying Vm'Vn'^gpq = gmm 
where Vm^ = 5^," — K^K'^ is the projection operator onto Ai^- Two- and three-forms 
(J, i7), which also satisfy Vm^'Pn''Jpq = Jmn and Vm^'Pn'^Vi' (^pqr = f^mnh Can also be in- 
terpreted as an 5'C/(3)-structure on M.q. Prom the two-form J, we can define an almost 
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complex structure J^" on Ai^. The three-form f2 is holomorphic in the sense that it satis- 
fies Vj'^^Vj'^'^Vi^'^'' Opqr = ^^mnu where the operator Vj'^'' {Vj^^") defined by 

7^J±)"=i(7'^"±iJ„") (B-14) 

projects a form onto its holomorphic (anti-holomorphic) component. 

Then a two-form F (21) on M.7 can be decomposed to a two-form F[6] (15) and a one-form 
F[6] (6) on Ale, where the number in the parenthesis is the number of components, as 

F = F[6] + F[6] A i^, (B-15) 

where 

-^[6]mn 'Prn^'Pn'^ F^pqi (BT6) 

^[6]^ = VjK'^Fp,. (B-17) 

These forms (15) and F[6] (6) on Jv[q are further decomposed, using the SU (3)-structure 
( J, i?), into 1 -|- 3 -|- 3 -|- 8- dimensional representations as 

F[6] = F(^)j + F(^)j72 + F®jr2 + F(^), (B-18) 
F(^) = ^F„,„J--, (B-19) 



^ , (B-20) 

i^® = ^F^jr\dyP, (B-21) 

and 3 -|- 3-dimensional representations as 

F[6] = F(^) + (B-22) 
^(3) ^ (B.23) 

= 7'J+)"'F[6]^rf|/". (B.24) 

A three-form H (35) can also be decomposed to a three-form H[q] (20) and a two-form 
^[6] (15) on Me as 

H = /7[6] + iJ[6i A K, (B-25) 

where 

-f^[6]mnZ — Vm^'PnVl' Hpqr, (B-26) 

H[Q]mn = 'Prn^VnK'^Hpqr- (B-27) 
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These forms on A4q are further decomposed into 20 = 1 + 1 + 3 + 3 + 6 + 6 as 

//[6] = H^^^n + H'^^n + {H^^^ + //®) A J + H^^^ + (B-28) 

if(^) = (B-29) 

H'-^^ = ^— ^-ff[6]mnp^"^, (B-30) 

= \H^e]mnpJ'''Vn^-^"'dy\ (B-31) 

//® = ^//[6]„„,J"^'Pj+)-dy", (B-32) 

= i(i/[6] - J)^^pr,^-^"^rs^-)^Vt^+)Pdy'i A dy* A dy*, (B-33) 

//(^) = i(i/[6] - A J)mnpr,^+^"'Vs^^^''Vt^~^^dy^ A dy^ A dy*, (B-34) 

and 15 = 1 + 3 + 3 + 8 as 

^[6] = H^^^J + H^^^jJ2 + H^^^jf2 + H^^\ (B-35) 

-^^^^ = ■^H[Q]mnJ"^"' , (B-36) 

^^'^ = ^^[6]mn7r\dx^. (B-38) 

Similar to the two form F, the spin connection can first be decomposed as 

= (^L-))[6]n/ + 2((:;i-))[6][„ir,], (B-39) 

where 

(a;W)[6H = 7'/7',^(a;i-)),„ (B-40) 

= (B-41) 

These are further decomposed as 

(u;i-))[6]n, = + {uJ^Jf^^f2,ni + i^LY^Jni + (B-42) 

(^i-^)^'^^ = ^('^L-^)[6]n^^'^'^ (B-43) 

i^LY^" - ^(^L-^)[6]n^7r'^ (B-44) 

= ^(a;L-))[6]n^J"', (B-45) 
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and 



('^i-^)[6ln = (^i-^)i^^ + (^i-^)?, (B-46) 

('^i-^)^ = ('^L-^)[6]pPn(-)^ (B-47) 

i^L^Y? = i^^J)mpVj^^'- (B-48) 

B.3. SU{2) structure 

The seven-dimensional manifold with three or four Killing spinors admits an SU (2) struc- 
ture, defined by three one- forms, a two- form, and a three- form {K'^^\ J, i7). The metric can 
be written as 

ds^ = gmndy'^dy^ + [dy^^ + W(2))' + {dy^ + w^))' + W + (B-49) 

where g^^^n is a metric of four-dimensional submanifold M.^ satisfying Vm^'Pn'^ Qpq = gmn, 
where Vm"' — — Ylii KmR^^^"- is the projection operator onto Ma. Two- and three- 
forms (J, which also satisfy Vm^Vn'^Jpq = Jmn and Vm^Vn^Vi Qpqr = i^mnh Can also be 
interpreted as an S'[/(2)-structure on Prom the two-form J, we can define an almost 
complex structure Jm"' on AI4. The three-form f2 is holomorphic in the sense that it satisfies 
Vj-^''Vj-^''Vi^-^'-npqr = f^mni: whcrc the Operator Vj-^"" {Vj^^'') defined by 

7'J±)" = i(7'^"±iJ„") (B-50) 

projects a form onto its holomorphic (antiholomorphic) component. 

Then a two-form F (21) on Aij can be decomposed to a two-form F[4] (6), three one-form 
F[4]7 (4), and three zero-form Fjj (1) on as 

F = F[4] + F[4]/ AK' + ^Fij AK'a K' , (B-51) 

where 

(i^[4])™n = VJ'Vn'^Fpq, (B-52) 

(^[4]/)™ = Vm^Klj^Ppq, (B-53) 

(Fjj) = ^^Kl^Fpq. (B-54) 

These forms F[4] (6) and F[4]i (4) on AI4 are further decomposed, using SU{2) structure 
(J, into 6 = 1 + T + 1' + 3 as 

F[4] = fW72 + F(^)/2 + F(^')J + F(3), (B-55) 

F^'^ = ^(i^[4])mn^?"^", (B-56) 
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^^'^ = liFi.iUJT'', (B.57) 

F^''^ = |(F[4])mnJ"^", (B-58) 

(B-59) 



and 4 = 2 + 2 as 



F[4]7 = Ff + Ff , (B-60) 

fP = Pj-^PF[,]pdy"', (B-61) 

fP = :P^^+)^F[4]pdr . (B-62) 

A three-form H (35) can also be decomposed to a three-form iJ[4] (4), three two-form 

-f^[4]/ (6), three one-form i?[4]/j (4), and a zero-form Huk (1) on as 

H = //[4] + %]/ AK' + ^if[4]/j A i^^ A i^-' + ^if/ji, A i^^ A i^-^ A iT^, (B-63) 

where 

(i^[4])mn/ = Wn'Vl'Hpgr, (B-64) 

(-f^[4]/)mn = T^m'"Pn'^K^I)Hpqr, (B-65) 

(-f^[4]7j)m = 'Pm^Kl^i)K^J)Hpqr, (B-66) 

(#[4];,;;,) = ^^Kl^Klj^^Hpqr. (B-67) 

The three-form i7[4] (4) on 4 is further decomposed into 4 = 2 -|- 2 as 

i/[4] = H^^^ A J + i/® /\ (B.Q8) 

^ li/[4b,.J'"^P.n(-^^^iy"^, (B-69) 

i/® = J'^^^Pnz^+^^ciy™. (B-70) 

Similarly, the two-form i?[4]7 (6) and one-form i?[4]7j (4) are decomposed into 6 = l-|-l-|-l'-|-3 
as 

H^^^i = H^Q + H^n + Hf'^ J + hP , (B-71) 

hP = (B-72) 

o 

iff) = i(i/[4]7)^nT?™", (B-73) 

hP = ^(//[4]7)^„pJ"^", (B-74) 
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and 4 = 2 + 2 as 

Hi,]u^Hi'] + HS, (B-75) 

H^'J = {H[,]ij)pVj-^Pdy'^, (B-76) 

Hf] ^ {Hu)pVj^^^df\ (B.77) 

We can also define Hijk — ^ijkH^^\ 

The spin connection can also be decomposed as 

= (u;i-))[4]n/ + 2{J-%j[^^ + {J-^)uK[i^ , (B-78) 

(B-79) 

where 

{^^^%]nl^Vr^Vnu^-\,, (B-80) 

(^L-^)[4]/n = Vn^Kl,^{u^^\,, (B-Sl) 

(^L-^)/J = ^f7)^?.)(^i-^)p.- (B-82) 
Each component is further decomposed as 

{^k\^ni = {u^^Y^Ti^i + {^^^f^^ni + + (B-83) 

= ^(a;L-))[4]„;/2"', (B.84) 

i^^n^^f^ - ^(^L-^)[4]n;7r', (B-85) 

t^L"^)^''^ = \{^L%]niJ''\ (B-86) 



and 

(^i-^)[4]/n = + (c.L-))g, (B.87) 

{^L^)fI='Pj-^'i^L%ip: (B-88) 

(^L-^)S=K(+)^(c.L-))[4i.p. (B-89) 
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